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Preliminaries Algebras

Convention

Throughout this work all vector spaces are finite dimensional over a field F = R
or F=C.
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Preliminaries  Algebras

Algebras

Definition
An F-algebra is a vector space A with a bilinear map

TAXA = A
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Algebras

Definition
An F-algebra is a vector space A with a bilinear map

CAXA = A
We say that A has a unit element if there is an element 1 € A such that

l-a=a-1=a, forallacA.
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Preliminaries  Algebras

Algebras

Definition
An F-algebra is a vector space A with a bilinear map

CAXA = A
We say that A has a unit element if there is an element 1 € A such that

l-a=a-1=a, forallacA.

Example

» [F[x] is a commutative, associative algebra with unit.
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Preliminaries  Algebras

Algebras

Definition
An F-algebra is a vector space A with a bilinear map

CAXA = A
We say that A has a unit element if there is an element 1 € A such that

l-a=a-1=a, forallacA.

Example

» [F[x] is a commutative, associative algebra with unit.

» Let V a vector space.
End(V)={T:V — V| Tis linear}

is an associative algebra with unit (non-commitative).
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Preliminaries  Algebras

Algebras

Example
» C™(R):{f:R — R |fis n-times differentiable}, n € NU{0}.
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Preliminaries  Algebras

Algebras

Example
» C*(R):{f:R — R |fis n-times differentiable}, n € N U{0}.

» R3 with the cross product is a non-commutative, non-associative algebra
without unit.
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Preliminaries  Algebras

Algebras

Example
» C*(R):{f:R — R |fis n-times differentiable}, n € N U{0}.

» R3 with the cross product is a non-commutative, non-associative algebra
without unit. In fact:

(61 X 62) X € 75 e X (62 X 62).
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Preliminaries  Algebras

Algebras defined by identities

Observation. An Algebra A is

» commutative if xy =yx, for all x,y € A,
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Preliminaries  Algebras

Algebras defined by identities

Observation. An Algebra A is

» commutative if xy =yx, forall x,y € A, i.e,

Pi(x,y) =xy —yx =0, Vx,y € A.

I. Herndndez (CONACYT-CIMAT) On Degenerations of Lie Superalgebras



Preliminaries Algebras

Algebras defined by identities
Observation. An Algebra A is
» commutative if xy =yx, forall x,y € A, i.e,

Pi(x,y) =xy —yx =0, Vx,y € A.

> associative if

Pa(x,y,2z) = (xy)z—x(yz) =0, Vx,y,z € A.
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Preliminaries  Algebras

Algebras defined by identities

Observation. An Algebra A is

» commutative if xy =yx, forall x,y € A, i.e,

Pi(x,y) =xy —yx =0, Vx,y € A.

> associative if
Pa(x,y,2z) = (xy)z—x(yz) =0, Vx,y,z € A.

Notation. Let V be an n-dimensional F-vector space, and Py, ..., Pn
polynomial identities.
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Preliminaries  Algebras

Algebras defined by identities

Observation. An Algebra A is

» commutative if xy =yx, forall x,y € A, i.e,

Pi(x,y) =xy —yx =0, Vx,y € A.

> associative if
Pa(x,y,2z) = (xy)z—x(yz) =0, Vx,y,z € A.

Notation. Let V be an n-dimensional F-vector space, and Py, ..., Pn
polynomial identities.
Alg, (P1,...,Py)

is the variety of algebras defined by Py, ..., Pn.
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Preliminaries  Lie Algebras

Lie Algebras

Definition
An algebra g, with product [, -]: g x g — g, is called a Lie algebra if:
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Preliminaries  Lie Algebras

Lie Algebras

Definition
An algebra g, with product [, -]: g x g — g, is called a Lie algebra if:
(i) [x,y] = —[y,x] (antisymmetry),
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Preliminaries Lie Algebras

Lie Algebras

Definition

An algebra g, with product [, -]: g x g — g, is called a Lie algebra if:
(i) x,yl = —ly, x| (antisymmetry),

(i) [x,y,], 21 + [y, 2], x] + [[z,x], y] = 0 (Jacobi identity)

for all x,y,z € g.
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Preliminaries  Lie Algebras

Lie Algebras

Definition

An algebra g, with product [, -]: g x g — g, is called a Lie algebra if:

(i) x,yl = —ly, x| (antisymmetry),

(i) [x,y,], 21 + [y, 2], x] + [[z,x], y] = 0 (Jacobi identity)
for all x,y,z € g.

Remark. (i) is equivalent to the identity: x> =0,
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Preliminaries  Lie Algebras

Lie Algebras

Definition
An algebra g, with product [, -]: g x g — g, is called a Lie algebra if:
(i) x,yl = —ly, x| (antisymmetry),
(i) [x,y,], 21 + [y, 2], x] + [[z,x], y] = 0 (Jacobi identity)
for all x,y,z € g.
Remark. (i) is equivalent to the identity: x> = 0, From (ii) it follows that [-, ]
is non-associative.
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Lie Algebras

Definition
An algebra g, with product [, -]: g x g — g, is called a Lie algebra if:
(i) x,yl = —ly, x| (antisymmetry),
(i) [x,y,], 21 + [y, 2], x] + [[z,x], y] = 0 (Jacobi identity)
for all x,y,z € g.
Remark. (i) is equivalent to the identity: x> = 0, From (ii) it follows that [-, ]
is non-associative. Moreover, a Lie algebra is abelian if and only if [-,] = 0.
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Preliminaries  Lie Algebras

Lie Algebras

Definition
An algebra g, with product [, -]: g x g — g, is called a Lie algebra if:
(i) x,yl = —ly, x| (antisymmetry),
(i) [x,y,], 21 + [y, 2], x] + [[z,x], y] = 0 (Jacobi identity)
for all x,y,z € g.
Remark. (i) is equivalent to the identity: x> = 0, From (ii) it follows that [-, ]
is non-associative. Moreover, a Lie algebra is abelian if and only if [-,] = 0.

Example

» Every vector space V is a Lie algebra taking [, ] = 0.
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Preliminaries  Lie Algebras

Lie Algebras

Definition
An algebra g, with product [, -]: g x g — g, is called a Lie algebra if:
(i) x,yl = —ly, x| (antisymmetry),
(i) [x,y,], 21 + [y, 2], x] + [[z,x], y] = 0 (Jacobi identity)
for all x,y,z € g.
Remark. (i) is equivalent to the identity: x> = 0, From (ii) it follows that [-, ]
is non-associative. Moreover, a Lie algebra is abelian if and only if [-,] = 0.

Example

» Every vector space V is a Lie algebra taking [, -] = 0.It is called the abelian
Lie algebra.
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Preliminaries  Lie Algebras

Lie Algebras

Definition
An algebra g, with product [, -]: g x g — g, is called a Lie algebra if:

(i) x,yl = —ly, x| (antisymmetry),
(i) [xy,1, 2zl + [y, zl, x] + [[z, x], y] =0 (Jacobi identity)
for all x,y,z € g.
Remark. (i) is equivalent to the identity: x> = 0, From (ii) it follows that [-, ]
is non-associative. Moreover, a Lie algebra is abelian if and only if [-,] = 0.
Example

» Every vector space V is a Lie algebra taking [, -] = 0.It is called the abelian

Lie algebra.
» The cross product (R3, x) is a Lie algebra.
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Preliminaries Lie Algebras

Lie Algebras

Examples

» The General Linear Lie Algebra gl(V).

I. Herndndez (CONACYT-CIMAT) On Degenerations of Lie Superalgebras



Preliminaries Lie Algebras

Lie Algebras

Examples

» The General Linear Lie Algebra gl(V). Let V an F-vector space. Define:

T,S!=ToS—SoT, T,SeEndV).
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Lie Algebras

Examples

» The General Linear Lie Algebra gl(V). Let V an F-vector space. Define:

T,S!=ToS—SoT, T,SeEndV).

Notation: gl(V) = (End(V), [, ]).
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Lie Algebras

Examples

» The General Linear Lie Algebra gl(V). Let V an F-vector space. Define:

T,S!=ToS—SoT, T,SeEndV).

Notation: gl(V) = (End(V), [, ]).
» The Special Linear Lie Algebra s((V).

sl(V) ={T € End(V) : tr(T) = 0} C gl(V).
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Preliminaries  Lie Algebras

Lie Algebras

Examples

» The General Linear Lie Algebra gl(V). Let V an F-vector space. Define:

T,S!=ToS—SoT, T,SeEndV).

Notation: gl(V) = (End(V), [, ]).
» The Special Linear Lie Algebra s((V).

sl(V) ={T € End(V) : tr(T) = 0} C gl(V).

» Let B:V xV — F be a bilinear form.
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Preliminaries  Lie Algebras

Lie Algebras

Examples

» The General Linear Lie Algebra gl(V). Let V an F-vector space. Define:

T,S!=ToS—SoT, T,SeEndV).

Notation: gl(V) = (End(V), [, ]).
» The Special Linear Lie Algebra s((V).

sl(V) ={T € End(V) : tr(T) = 0} C gl(V).

» Let B:V xV — F be a bilinear form.
gl(V)g ={T € End(V) : B(T(u),v) + B(u, T(v)) =0}

is a subalgebra of gl(V).
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Preliminaries  Lie Algebras

Lie Algebras

Definition
A morphism of Lie algebras ¢ : g — b is a linear map
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Preliminaries  Lie Algebras

Lie Algebras

Definition
A morphism of Lie algebras ¢ : g — b is a linear map such that

dlx,ylg = [b(x), d(y)ly, xye€ag.
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Preliminaries  Lie Algebras

Lie Algebras

Definition
A morphism of Lie algebras ¢ : g — b is a linear map such that

dlx,ylg = [b(x), d(y)ly, xye€ag.

The Lie algebras g and § are isomorphic if there exists a bijective morphism

b:g—b
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Preliminaries  Lie Algebras

Lie Algebras

Definition
A morphism of Lie algebras ¢ : g — b is a linear map such that

dlx,ylg = [b(x), d(y)ly, xye€ag.

The Lie algebras g and § are isomorphic if there exists a bijective morphism

b:9—b
Example

> (R3, %) ~ gl(R?)s,
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Preliminaries  Lie Algebras

Lie Algebras

Definition
A morphism of Lie algebras ¢ : g — b is a linear map such that

dlx,ylg = [b(x), d(y)ly, xye€ag.

The Lie algebras g and § are isomorphic if there exists a bijective morphism

b:9—b
Example

» (R3, x) ~ gl(R?)s, where B:R? x R - R

93:<(1) g’)
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Preliminaries  Lie Algebras

Lie Algebras

Definition
A morphism of Lie algebras ¢ : g — b is a linear map such that

dlx,ylg = [b(x), d(y)ly, xye€ag.

The Lie algebras g and § are isomorphic if there exists a bijective morphism

b:9—b
Example

» (R3, x) ~ gl(R?)s, where B:R? x R - R

93:<(1) (1’)

» Let V a vector space. A morphism p: g — gl(V) is called a representation.
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Preliminaries  Lie Algebras

Associative «~ Lie

Example
Let (A, ) be an associative algebra.
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Preliminaries  Lie Algebras

Associative «~ Lie

Example
Let (A, ) be an associative algebra. Define a new product by

l[a,bl=a-b—b-a, a,beA.
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Preliminaries Lie Algebras

Associative «~ Lie

Example
Let (A, ) be an associative algebra. Define a new product by

[a,b]=a-b—b-a, a,beA.

Then, A= = (A, [-,])
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Preliminaries Lie Algebras

Associative «~ Lie

Example
Let (A, ) be an associative algebra. Define a new product by

[a,b]=a-b—b-a, a,beA.

Then, A= = (A, [-,-]) is a Lie algebra.

I. Herndndez (CONACYT-CIMAT) On Degenerations of Lie Superalgebras 11



Preliminaries Lie Algebras

Associative «~ Lie

Example
Let (A, ) be an associative algebra. Define a new product by

[a,b]=a-b—b-a, a,beA.
Then, A= = (A, [-,-]) is a Lie algebra.
Theorem (Poincaré-Birkhoff-Witt)

Let g be a Lie algebra, then g is isomorphic to A~ for some associative algebra
A.
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Preliminaries ~ The Variety Lien

Structure Constants of a Lie Algebra

Let g be a Lie algebra with product [-, -], and let {e1, ..., e} be a basis for g.
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Preliminaries ~ The Variety Lien

Structure Constants of a Lie Algebra

Let g be a Lie algebra with product [-, -], and let {e1, ..., e} be a basis for g.

Notice that:
oyl =) xyjlei gl xyeg.
L

I. Herndndez (CONACYT-CIMAT) On Degenerations of Lie Superalgebras

12 / 53



Preliminaries ~ The Variety £ien

Structure Constants of a Lie Algebra

Let g be a Lie algebra with product [-, -], and let {e1, ..., e} be a basis for g.

Notice that:
yl = ZXin[ei, el, xyeg.

Write
lei, e5] = Z cew Liefl..., n}.
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Preliminaries ~ The Variety £ien

Structure Constants of a Lie Algebra

Let g be a Lie algebra with product [-, -], and let {e1, ..., e} be a basis for g.

Notice that:
yl =) xwyjleiel, xyeg.
Write
lei, e5] = Z cew Liefl..., n}.
Definition

The set {c}fj} C F is called the set of structure constants of g respect to the
basis {e{}]* ;.

I. Herndndez (CONACYT-CIMAT) On Degenerations of Lie Superalgebras
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Preliminaries ~ The Variety Lien

Structure Constants of a Lie Algebra

Remark. Notice that
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Preliminaries ~ The Variety Lien

Structure Constants of a Lie Algebra
Remark. Notice that

> From the skew symmetry:

c§+c}ﬁ:0, forall i,j,k €{1,...,n}
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Preliminaries ~ The Variety £ien

Structure Constants of a Lie Algebra

Remark. Notice that

> From the skew symmetry:

c+cf =0 forallijke(l ... nh
» From the Jacobi identity;
n
1 .m + 1 .m + 1 m __ 0
CijCk T i€y T G = U,

1=1

forall i,j,k,me{l,... nh
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Preliminaries ~ The Variety £ien

Structure Constants of a Lie Algebra

Remark. Notice that

> From the skew symmetry:

cfj+cfi =0 forallijke{l,... n}

» From the Jacobi identity;

n

1 .m 1 .m 1 m __
E CcijClk + iy + ejeel; =0,
1=1

forall i,j,k,me{l,... nh
W3 n2

g<—>(c}fj)€]F 2
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Preliminaries ~ The Variety £ien

The Variety Lie,

If

(i) P((x5)) = xf5 + x5,

(ii) PQ((X%)) =Y, x{]—x{}t + x}dx{’; + x}kx{‘;,

then ,
Lie, = Algn(Pl, Pz) c A"

is a variety where every point represent a Lie algebra.

I. Herndndez (CONACYT-CIMAT) On Degenerations of Lie Superalgebras 14 /



Preliminaries ~ The Variety Lien

Structure Constants in general

Let V be an n-dimensional F-vector space and let {eq,
for V.
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Preliminaries ~ The Variety £ien

Structure Constants in general

Let V be an n-dimensional F-vector space and let {e1, ..., e} be a fixed basis
for V. Given an algebra A = (V, ) we write

n
ei-e = Zx]fjek, i,j=1,...,n,
k=1
{x]-f]-} C FF is the set of structure constants of A respect to the basis {e1, ..., en}.
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Preliminaries ~ The Variety £ien

The Variety Alg,(P1,...,P;)

Let A = (V,-) be an algebra defined by the polynomial identities Py, ...

Then its set of structure constants must satisfy these identities.
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Preliminaries ~ The Variety £ien

The Variety Alg,(P1,...,P;)

Let A = (V,-) be an algebra defined by the polynomial identities P, ..., P;.
Then its set of structure constants must satisfy these identities.

{ Algebras over V

T'I.3 . .
satisfying Py, ..., Pr} +— Algn(P1,..., P.) C A affine variety

(A, ) — (xk)
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Preliminaries ~ The Variety £ien

Change of basis

Given a F-vector space V with fixed basis {e;}* ;, we have

{ Algebras over V

TL3
satisfying Py, .. ., P'r} > Algn(Pr,...,Pr) CA

I. Herndndez (CONACYT-CIMAT) On Degenerations of Lie Superalgebras 17 / 53



Preliminaries The Variety Lien

What happens if we change the basis of V7
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Preliminaries ~ The Variety Lien

Change of basis

Lemma
There is an action of G = GL(F™) on Lie,, given by “change of basis”
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Preliminaries ~ The Variety Lien

Change of basis

Lemma
There is an action of G = GL(F™) on Lie,, given by “change of basis”

g - =1,
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Preliminaries ~ The Variety £ien

Change of basis

Lemma
There is an action of G = GL(F™) on Lie,, given by “change of basis”

g L= =glg (), g ().
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Preliminaries ~ The Variety £ien

Change of basis

Lemma
There is an action of G = GL(F™) on Lie,, given by “change of basis”

g -Ld=F1=9lg ) g ).

where

(i) The G-orbits are in one-to-one correspondence with the isomorphism
classes.
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Preliminaries ~ The Variety £ien

Change of basis

Lemma
There is an action of G = GL(F™) on Lie,, given by “change of basis”

g -Ld=F1=9lg ) g ).

where

(i) The G-orbits are in one-to-one correspondence with the isomorphism
classes.

(ii) Stabg ([, 1) «— Aut([-]).
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Preliminaries ~ The Variety Lien

Interesting Problems

(Recall G = GL(F™))
Given the action “change of basis”

G x Lie, — Lien
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Preliminaries ~ The Variety £ien

Interesting Problems

(Recall G = GL(F™))
Given the action “change of basis”

G x Lie, — Lien

(i) To find the G-orbits.
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Preliminaries ~ The Variety £ien

Interesting Problems

(Recall G = GL(F™))
Given the action “change of basis”

G x Lie, — Lien

(i) To find the G-orbits.
(i) To find the Zariski closure of every G-orbit.
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Preliminaries ~ The Variety £ien

Interesting Problems

(Recall G = GL(F™))
Given the action “change of basis”

G x Lie, — Lien

(i) To find the G-orbits.
(i) To find the Zariski closure of every G-orbit.

Definition
Let g, b € Lie,,. We say that g degeneratesto ) (g — b ) if

heG-g
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Preliminaries The Variety Lien

Example: Lie Algebras Case with F =R or F =C
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Preliminaries ~ The Variety Lien

Example: Lie Algebras Case with F =R or F =C

Consider the action "change of basis”

GL(F™) x Lie, — Lien
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Preliminaries ~ The Variety Lien

Example: Lie Algebras Case with F =R or F =C

Consider the action "change of basis”

GL(F™) x Lie, — Lien

» For n =1 there exist only one orbit:
Fe with [e, e] = 0.
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Example: Lie Algebras Case with F =R or F =C

Consider the action "change of basis”

GL(F™) x Lie, — Lien

» For n =1 there exist only one orbit:
Fe with [e, e] = 0.

» For n = 2, there exist two orbits:
Fe; + Fe, with:
Qp- [61, 62] =0.
ar: ler, eo] =eq.
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Preliminaries ~ The Variety £ien

Example: Lie Algebras Case with F =R or F =C

Consider the action "change of basis”

GL(F™) x Lie, — Lien

» For n =1 there exist only one orbit:
Fe with [e, e] = 0.

» For n = 2, there exist two orbits:
Fe; + Fe, with:
ap: [er, e2] =0.
ar: ler, eo] =eq.
a; — dgp.
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Preliminaries ~ The Variety Lien

Example: Lie Algebras Case with F =R or F =C

Consider the action "change of basis”

GL(V) x Lie, — Lien

» For n = 3 there exist an infinite number of orbits:
Fe; + Fey + Fes with:

sly | sup v q(B) p(o) a
lez,es] | er | er | —(e1+e3) | er—Pes| axes | 0 |0
les,e1] | ex | e 0 0 0 010
le1,ex] | e3 | —e3 el Per+es| e [e3 |0

with o, 3 € R. Over C: sl; ~ suy and v ~ q(p).
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Preliminaries ~ The Variety £ien

Example: Lie Algebras with F = C
[D. Burde and C. Steinhoff, 1998]

For n = 3.
sl T p(od) a
les,es] | er | —(e1+e3) | xes | 0 |0
[63, eﬂ €s 0 0 0 0
le1, e2] | e3 €1 €1 es | 0
5[2
p(a), o #1 p(1) p(OJ/t
\ b ‘/p(l)
a
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Lie superalgebras ~ Superalgebras

The Lie superalgebra case
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Lie superalgebras Superalgebras

Supervector spaces

Super = Z,-graded.
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Lie superalgebras Superalgebras

Supervector spaces

Super = Z,-graded.

Definition

A supervector space is a vector space V = Vy @ V;.
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Lie superalgebras Superalgebras

Supervector spaces

Super = Z,-graded.

Definition
A supervector space is a vector space V = Vy @ V;.

» The subspaces Vy and V; are called the even and the odd parts of V, resp.
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Lie superalgebras Superalgebras

Supervector spaces

Super = Z,-graded.

Definition
A supervector space is a vector space V = Vy @ V;.

» The subspaces Vy and V; are called the even and the odd parts of V, resp.
» The elements in (Vo U V1) \ {0} are called homogeneous.
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Lie superalgebras Superalgebras

Supervector spaces

Super = Z,-graded.

Definition

A supervector space is a vector space V =V @ Vj.
» The subspaces Vy and V; are called the even and the odd parts of V, resp.
» The elements in (Vo U V1) \ {0} are called homogeneous.
> The degree of a homogeneous element is defined as

x| =1, ifxe Vi\{0}
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Lie superalgebras Superalgebras

Supervector spaces

Super = Z,-graded.

Definition
A supervector space is a vector space V = Vy @ V;.

» The subspaces Vy and V; are called the even and the odd parts of V, resp.
» The elements in (Vo U V1) \ {0} are called homogeneous.
> The degree of a homogeneous element is defined as

x| =1, ifxe Vi\{0}

» If dim(Vp) = m and dim(V;) = n we say that

dim(V) = (m,n).
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Lie superalgebras Superalgebras

Superalgebras

Definition
A superalgebra A = Ag @ A is a supervector space with a bilinear map
AXA—A
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Lie superalgebras Superalgebras

Superalgebras

Definition
A superalgebra A = Ag @ A is a supervector space with a bilinear map
A X A — A such that

AiAj C Ai+jy ‘L,] € Zs.
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Lie superalgebras Superalgebras

Superalgebras

Definition
A superalgebra A = Ag @ A is a supervector space with a bilinear map

A x A — A such that
AiAj C Ai+jy ‘L,] € Zs.

Remark

(i) Ag is a subalgebra.

26 / 53
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Lie superalgebras Superalgebras

Superalgebras

Definition
A superalgebra A = Ag @ A is a supervector space with a bilinear map
A X A — A such that

AiA]' C Ai+jy ‘L,] € Zs.

Remark

(i) Ao is a subalgebra.
(i) Ay is an Ag-module.

26 / 53
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Lie superalgebras Superalgebras

Superalgebras

Example
Let V =V, @ Vi be a supervector space.
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Lie superalgebras Superalgebras

Superalgebras

Example
Let V =V, @ Vi be a supervector space. Let T:V =V,

X 0), where XZVO—>V0

End(Vo|V1)o 2T <= T=XaY& (0 \% Y:Vi=>V;
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Lie superalgebras Superalgebras

Superalgebras

Example
Let V =V, @ Vi be a supervector space. Let T:V =V,

X 0), where XZVO—>V0

End(Vo|V1)o 2T <= T=XaY& (0 \% Y:Vi=>V;

B 0o w Z: Vo=V
End(V0|V1)1 5T «— T—Z@W<_><Z 0> where W:V: =V,
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Lie superalgebras Superalgebras

Superalgebras

Example
Let V =V, @ Vi be a supervector space. Let T:V =V,

X 0), where XZV()—)VO

End(Vo|V1)o 2T <= T=XaY« (0 Y Y: Vi = V;

B 0o W Z: Vo — V1
End(V0|V1)1 5T «— T—Z@W<_><Z 0> where W:V: =V,

Then,
End(V) = End(VO‘Vl)() D End(V0|V1)1
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Lie superalgebras Superalgebras

Superalgebras

Example
Let V =V, @ Vi be a supervector space. Define

End(Vp|Vi)o DT < T= <X 0) ,  where X: Vo= Vo

0Y Y:Vi =V

End(VolV); 5T <= T:(O W>, where 27 Yo V1

Z 0 W:Vi =V,

Then
End(Vo|V1) := End(V) = End(V,|V1)o & End(Vy| V1)1,
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Lie superalgebras Superalgebras

Superalgebras

Example
Let V =V, @ Vi be a supervector space. Define

End(Vp|Vi)o DT < T= <X 0) ,  where X: Vo= Vo

0Y Y:Vi >V,
_ 0o W Z:Vo—V;
End(Vo|V1)1 2T = T= (Z o> . Where W:V; =V

Then
End(Vo|V1) := End(V) = End(V,|V1)o & End(Vy| V1)1,

and End(Vp|Vy) is a superalgebra with the composition of functions as product.
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Lie superalgebras Lie Superalgebras

Lie Superalgebras

Definition
A Lie superalgebra is a superalgebra g = go @ g1 with product [-,-] : g x g — g,
where the homogeneous elements satisfy:

(i) The super skew-symmetry

[x, yl = —(—1)*N/ [y, x].
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Lie superalgebras Lie Superalgebras

Lie Superalgebras

Definition
A Lie superalgebra is a superalgebra g = go @ g1 with product [-,-] : g x g — g,
where the homogeneous elements satisfy:

(i) The super skew-symmetry

[x, yl = —(—1)*N/ [y, x].

(ii) The super Jacobi identity

(=)= [[x, yl, 21 + (=)™ [y, 21, x] + (=) Y= [z, x], y] = 0,
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Lie superalgebras Lie Superalgebras

Lie Superalgebras

Definition
A Lie superalgebra is a superalgebra g = go @ g1 with product [-,-] : g x g — g,
where the homogeneous elements satisfy:

(i) The super skew-symmetry

[x, yl = —(—1)*N/ [y, x].

(ii) The super Jacobi identity

(=)= [[x, yl, 21 + (=)™ [y, 21, x] + (=) Y= [z, x], y] = 0,

Notice that g is a Lie algebra, and g; is go-module.
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Lie superalgebras Lie Superalgebras

Lie Superalgebras

Example
Let V =V, & V7 be a supervector space, and let T, S € End(Vy| V1)
homogeneous. Define:

[T,S]=ToS—(—=1)TISIsoT.

Then, gl(Vo|V1) := (End(Vy| V1), [+, -]) is a Lie superalgebra.
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Lie superalgebras Lie Superalgebras

Lie Superalgebras

Example

Let V =V, & V7 be a supervector space, and let T, S € End(Vy| V1)
homogeneous. Define:

[T,S]=ToS—(—=1)TISIsoT.
Then, gl(Vo|V1) := (End(Vy| V1), [+, -]) is a Lie superalgebra.
Definition

Let T € End(Vp|V1). Define the supertrace as follows

if T= (>Z< V\\(/) . then str(T) =tr(X) — tr(W).
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Lie superalgebras Lie Superalgebras

Lie Superalgebras

Example

Let V =V, & V7 be a supervector space, and let T, S € End(Vy| V1)
homogeneous. Define:

[T,S]=ToS—(—=1)TISIsoT.
Then, gl(Vo|V1) := (End(Vy| V1), [+, -]) is a Lie superalgebra.
Definition

Let T € End(Vp|V1). Define the supertrace as follows

if T= (>Z< V\\(/) . then str(T) =tr(X) — tr(W).

Example
The superalgebra sl(Vy|V1) = {T € End(Vy|V1)|str(T) = 0}

I. Herndndez (CONACYT-CIMAT) On Degenerations of Lie Superalgebras
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Lie superalgebras Lie Superalgebras

Lie Superalgebras

Example

Let V =V, & V7 be a supervector space, and let T, S € End(Vy| V1)
homogeneous. Define:

[T,S]=ToS—(—=1)TISIsoT.
Then, gl(Vo|V1) := (End(Vy| V1), [+, -]) is a Lie superalgebra.
Definition

Let T € End(Vp|V1). Define the supertrace as follows

if T= (>Z< V\\(/) . then str(T) =tr(X) — tr(W).

Example
The superalgebra sl(Vy|V1) = {T € End(V,|V1)Istr(T) = 0} C gl( Vol V1)

I. Herndndez (CONACYT-CIMAT) On Degenerations of Lie Superalgebras
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Lie superalgebras Lie Superalgebras

Morphisms

Definition
Let g =go @ g1 and g’ = g — g} be Lie superalgebras. A Lie superalgebra
morphism @ : g — g’ is a linear map such that

O, 1g) = [®(-), (g
Remark

» Notice that @ is an even map, i.e.,

®(go) C gy and @(g1) C gi.
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Lie superalgebras Lie Superalgebras

Morphisms

Definition
Let g =go @ g1 and g’ = g — g} be Lie superalgebras. A Lie superalgebra
morphism @ : g — g’ is a linear map such that

O, 1g) = [®(-), (g
Remark

» Notice that @ is an even map, i.e.,
®(go) C gy and @(g1) C gi.

> We can write ® =T @ S, where T: go — g is a Lie algebra morphism, and
S:g1 — g} is a go-module morphism
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Lie superalgebras Lie Superalgebras

Morphisms
Definition
Let g =go @ g1 and g’ = g — g} be Lie superalgebras. A Lie superalgebra
morphism @ : g — g’ is a linear map such that

O, 1g) = [®(-), (g
Remark

» Notice that @ is an even map, i.e.,
®(go) C gy and @(g1) C gi.

> We can write ® =T @ S, where T: go — g is a Lie algebra morphism, and
S:g1 — g} is a go-module morphism such that

S -1 =1ITC), SO
T(L D =IS(), SO
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Lie superalgebras  The Variety £8 (.11)

The Variety £8™™

Let V = Vo ® Vi be a complex (m, n)—dimensional supervector space with a
fixed homogeneous basis {e1, ..., em, f1,..., Tn}
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Lie superalgebras  The Variety £8 (.11)

The Variety £8™™

Let V=V, & V; be a complex (m, n)—dimensional supervector space with a
fixed homogeneous basis {e1, ..., em, f1,...,Tn}. Given a Lie superalgebra
structure on V, we identify g = (V, [, -]) with its set of structure constants

3 2
g =00 ® g1« [cf, pgj, ) e C™r2mn

where
m n m
[ei, &;] ZZC]f]-ekv le, f;] Zzplfjfkv and  [fy, 5] :Zﬂ‘%ek.
k=1 k=1 k=1

Notation
£8™™) denotes the Lie superalgebra variety of dimension (m,n) over C.
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Lie superalgebras  The Variety £8 (.11)

The Action by “Change of Basis”

Let G = GL (C) @ GL»(C). We have the action G x £8(™™ — gglmm)
given by
g-L.-1=9glg (). g ()]
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Lie superalgebras  The Variety £8 (.11)

An Amazing Dream
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Lie superalgebras  The Variety £8 (.11)

An Amazing Dream

To find:
» the G-orbits,
> the Zariski closure of every G-orbit,

for
£8M™  m neN.
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Lie superalgebras  The Variety £8 (.11)

An Amazing Dream

To find:
» the G-orbits,
> the Zariski closure of every G-orbit,

for
£8M™  m neN.

The reality

We studied the problem for

I. Herndndez (CONACYT-CIMAT) On Degenerations of Lie Superalgebras
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Lie superalgebras  The Variety £8 (.11)

The G-orbits of £8%?
Theorem (Alvarez,M.A -)

Let g = go @ g1 be a complex Lie superdlgebra of dimension (2,2), then g is
isomorphic to one and only one of the following:

LSO : II-, ]] = 0
L8y : [f1, fil = e1, [f2, f2l = ea.
L8 [f1, f1]l = e, [f2, f2 = eq.
LS3 : [[fl, fﬂ] = e1.
L84 [f1, f2l = e, [f2, f2 = en.
L85 : ler, f1l = f1, [ez, fo = fo.
LS8e(ot) 1 [ep, f1] =f1, [e2, f2] = afo.
L£87: leo, f1] = f1,  [ez, f2l = —f2, [f1, f2] = es.
L8g les, f1] = f1,  [f2, f2] = eq.
L8y : le1, f1]l = f1, [eq, f2l = fo, [es, f2] = fy.
L8710 : [es, f1] =1, [ex, fol =1 + fo.
[::511 : [62, fg]] = f1.
L83 : leo, f2] = f1,  [f2, fol = e1.
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Lie superalgebras

The G-orbits of £8%2

L813(CX, B) :
L814(a) :

L815() :
lee .
L817(«) :

leg .
LSlg(OC) :

LSQO .

where «, 3 € C.

[e1, ex] = e,
[e1, ex] =eq,
[f1, f2 = e,
[e1, ex] = e,
[f1, 1l = 5,%,0(61v
[e1, ex] = ey,
[f1, f1] = es.
[e1, ex] = ey,
[f2, f2] = 8_3 e
[e1, ex] = e,
[e1, ex] = ey,

[ez, f2] = (x + 1)1,

[e1, ex] = ey,

The Variety £ 8 (T1.11)

[es, f1] = ofy,
[es, f1] = ofy,
x #—3.

[es, f1] = ofy,
[f2, fol = ey.

lez, f1l = _%flx

[es, f1] = ofy,

les, f1] = _%fly

[e1, 2] = fq,
[fy, 2] = d_1,«€1,
[e1, fol = fy,

[ez, fo] = Bfo.
les, fo] = —(x + 1)f5,

[ez, 2] = =312,
lez, fal :_%fb
les, f2] = f1 + afs,

[ez, f2l =1 — 1.

[es, f1] = ofy,
[f2, f2] =25 1 4.
les, f1] = —f1,

> L8 (o) ~ L8, (o) & =0, for n €{6,15,17,19}
> L814(a) ~ L814() < either x = & or & + o/ = —1.
> L813(x, B) = L83(, B') < {ox, B} = {o, B'}.
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Lie superalgebras  The Variety £8 (.11)

Next Step

To find the orbit closure for each Lie superalgebra £8,,,
forn=0,---,20.

I. Herndndez (CONACYT-CIMAT) On Degenerations of Lie Superalgebras 37 /53



Lie superalgebras  The Variety £8 (.11)

Degenerations in £8™™

Definition
Let g, h € £L8!™™) We say that g degenerates to  (denoted by g — b) if

he G-g (Zariski closure)
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Lie superalgebras  The Variety £8 (.11)

Degenerations in £8™™

Definition
Let g, h € £L8!™™) We say that g degenerates to  (denoted by g — b) if

he G-g (Zariski closure)

Remark
Notice that
if g—b and Hh—s, then g—s.
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Lie superalgebras  The Variety £8 (.11)

Degenerations in £8™™

Lemma
Let C(t) be the field of fractions of the polynomial ring C[t], and let

g, b € £L8'™™) _If there exists a continuous map
(0,1] = GLw (C(t)) ® GLn(C(t)), t+> gt

such that lim gy - g = b, then g = b.
t—0
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Lie superalgebras  The Variety £8 (.11)

Degenerations in £8™™

Lemma
Let C(t) be the field of fractions of the polynomial ring C[t], and let
g, b € £L8'™™) _If there exists a continuous map

(0,1] = GL(C(t)) ® GLL(C(t)), t g¢

such that lim gy - g = b, then g = b.
t—0

Remark
Let g € £8™™) then g degenerates to the trivial Lie superalgebra a = (0,0, 0)
(take t — t~1(idy @idn).)
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Lie superalgebras  The Variety £8 (.11)

Degenerations in £8™™

Lemma
Letg=go® g1, h=hodbh € £gtmmn), If g — b, then go — ho.
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Lie superalgebras  The Variety £8 (.11)

Degenerations in £8™™

Definition
Let g = {c‘f] pL;, FE} e £glmm,

(i) The abelianization of g is defined as ab(g) = {o, 0, rikj}.

(i) The forgetful Lie superalgebra of g is defined as F(g) = {c‘f] p}‘j,O}.
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Lie superalgebras  The Variety £8 (.11)

Degenerations in £8™™

Definition
Let g = { S pU,Fk} c £glmm
(i) The abelianization of g is defined as ab(g) = {o 0 rk}

Y

(i) The forgetful Lie superalgebra of g is defined as F(g) = {c‘f] p}‘j,O}.

Lemma
Let g, b e £L8™™  Ifg— b, then

(i) ab(g) — ab(h).

(i) Flg) = F(b).
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Lie superalgebras  The Variety £8 (.11)

Invariants in £8™™

Lemma
Let g, b € £L8'™™)  If g — b, then the following relations must hold:
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Lie superalgebras  The Variety £8 (.11)

Invariants in £8™™

Lemma
Let g, b € £L8'™™)  If g — b, then the following relations must hold:

» dim(G - g) > dim(G - b)
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Lie superalgebras  The Variety £8 (.11)

Invariants in £8™™

Lemma

Let g, b € £L8'™™)  If g — b, then the following relations must hold:

» dim(G - g) > dim(G - b)

( dim(G - g) =dim(G) — dim(Der(g))).

I. Herndndez (CONACYT-CIMAT) On Degenerations of Lie Superalgebras
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Lie superalgebras  The Variety £8 (.11)

Invariants in £8™™

Lemma
Let g, b € £L8'™™)  If g — b, then the following relations must hold:

» dim(G - g) > dim(G - b)

( dim(G - g) =dim(G) — dim(Der(g))).
» dim(gl); > dim(pl); fori € Zo.

> If[-,-]gixq, =0, then [-, g, xp, = 0.
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Lie superalgebras  The Variety £8 (.11)

Invariants in £8™™

> dim(Der(x, B,v))i(g) < dim(Der(x, B,v))i(b), for i € Zo.

(D € Der(a, B,7)(g)i if aD(Ix,y]) = BID(x),yl + (—1)*ly[x, D(y)]).
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Lie superalgebras  The Variety £8 (.11)

The Variety £822

Lie algebras of dimension 2. There exist, up to isomorphism, two Lie algebras of
dimension 2.

» The abelian Lie algebra ag.

» The affine Lie algebra ay, ( [e1, ea] = e1).
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Lie superalgebras  The Variety £8 (.11)

The Variety £822

Lie algebras of dimension 2. There exist, up to isomorphism, two Lie algebras of
dimension 2.

» The abelian Lie algebra ag.
» The affine Lie algebra ay, ( [e1, ea] = e1).

It follows that
a; — dp
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Lie superalgebras  The Variety £8 (.11)

The Variety £822

Lie algebras of dimension 2. There exist, up to isomorphism, two Lie algebras of

dimension 2.

» The abelian Lie algebra ag.

» The affine Lie algebra ay, ( [e1, ea] = e1).

It follows that

a; — dp

Remark

Let g, b € £8™™ such that go = ag, and ho = ay, then
g/h
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Lie superalgebras  The Variety £8 (.11)

Hasse Diagrams in £822)

£819(—1) £8; L85
P RS I AN
£812(0)  £85 \_ £8a0 £8y £38g £87 £38g
o~ | I | P N |
£813(0,—1) £8, £815 £8y  £8gla)  £8qg £8y  £8g(—1) £81p £8y  £8g(0)  £81p
| [ AN ~N 7/ N AN
£83 £811 £83  £811 £83 £811 £33 £811
\ £86(1) \/
28, £38g £8g  a#l £8g £
£814(x) £815 () £s17(—%) £815(—3)
AN N _— /N Y~ /N
£8p£813(@, —(a+1)) £813£513 (e, —F) £810_ £81p  £815  LS15 L8 £816
\ N T < e
£85 £81; £811 £85 £811 £33
11 11
Lse(l]\\ csi3(—%-3) \esiz(—%-%
L£8g a# —%,0,—1 L£80 o £ —% £89 “380
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Lie superalgebras  The Variety £8 (.11)

Hasse Diagrams in £822)

L8719 ()
I
L3873 (&, ¢ +1) L8713 (e, B) L8717 (o)
L8711 L8717 L3811

L8713 (e, o)
L8y a# —1 £8g («,B) €Iy LSg o #—%

x#—%, B B+1 —(B+1), and

where J; = ¢ («, B) 675_% o a+1, —(x+1)
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Orbits in £8(??

Lie superalgebras  The Variety £8 (.11)

The orbit closures in the variety £822) are as follows:

g G-g
L8 L8
L8 L£81,L82, L83, L84, L8
L8r L82,L£83,L80
L83 L£83, L8y
L84 L84, L£87,L£83,L8y
£85 £85, 589, £86(), £LS10, £L811, £LSo
L86(x), o #1 L86(x), L8711, L80
L86(1) L£86(1), L8
L87 L£87,L82,L86(—1), L812,£83,L811, LSo
L8 L85, L85, L86(0), £L812, L83, £L811, L 80
L8g L89, L8710, L£811,£L86(1), LS80
£810 £810, £811, £86(1), £LSo
L3811 L£811, £80
L8172 L£812,£83,£811,L80
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Orbits in £8(??
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L813(, B), B #

L813(ex, B), £811,L£80

L813(x, )

L813(ex, ), L8

L£814(0), ow#—2 | L814(ex), £82,£813(x, — (et + 1)), £83, £811, LS
L£815(ax), ot #—3 L815(a), £812, £813 (o, —3) , £811, £ 80
£815 (—3) £815 (—1), £85, L8165, £83, £813 (—1,—1), £8o
L3816 L£816, L83, L8813 (77 75) , L 8o
L817(a), x#—3 L£817(x), £811, £L813(x, ), L8

L£817 (—3), £810, £812, £816, LS15, £ 83,

L817 (—3)
£811,£86(1), £L813 (—%, —1), £80
L3818 L3815, £811,£813(—3,—3), £8o
L819(ex), ot #—1 L£819(x), £L813( 0, o + 1), £811, £L80
L£819(—1) L£819(—1), £84, LS80, LS2, LS12, L83, £L811, LSo
L8 £82, £811, £80
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Muito obrigada!
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Lie superalgebras  The Variety £ 8 (1.7)

The irreducible components of £822)

Lemma

If G is a connected algebraic group acting on a variety X, then the irreducible
components of X are stable under the action of G. Moreover, the irreducible
components of the variety X are closures of single orbits or closures of infinite

families of orbits.
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Lie superalgebras  The Variety £8 (.11)

Irreducible components of £822)

Definition
A Lie superalgebra g € £8!
£glmm),

m,mn)

is called rigid, if its orbit G - g is open in
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Irreducible components of £822)

Definition
A Lie superalgebra g € £8!
£glmm),

m,mn)

is called rigid, if its orbit G - g is open in

Lemma
Let g € £8™™ IfH2(g,g)o = O, then g is rigid
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Irreducible components of £822)

Definition
A Lie superalgebra g € £8!
£glmm),

m,mn)

is called rigid, if its orbit G - g is open in

Lemma
Let g € £8™™ IfH2(g,g)o = O, then g is rigid

Remark
Every rigid superalgebra g determines an irreducible component of £gmmn,
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The irreducible components of £822)

Theorem
There are 3 rigid Lie superalgebras in £8??)

£819(—1), £81, L8s.
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The irreducible components of £822

Theorem
There are 3 rigid Lie superalgebras in £8??)

£819(—1), £81, L8s.

Corollary

The variety £8'??) has at least four irreducible components.
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Lie superalgebras  The Variety £8 (.11)

The irreducible components of £822

Conjecture

The irreducible components of the variety £822) gre:
(i) C1=G-L819(-1),

(i) Co=G- L8y,

(i) C3 =G - L8s,

(iv) o= |J G-L8ul(),
a#—%

(v) €5 = U L£815(),
at—1

(Vi) 66: U leg(a),
a#—1

(vil) €7 = J£813(ex, B).
B
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