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ntroduction

» Elephant Random Walk was introduced by Schutz and Trimper in 2004
» G.M. Schiitz and S. Trimper, Phys. Rev. E 70, 045101 (2004)

» Random Walk with Long-Range memory;

» Microscopic, one-dimensional model;

» Microscopic origin of memory;

» Analytical Solutions;

» | propose a multi-dimensional extension of the model;

» Coupling coefficients;
» Cow-Ox model: Particular two dimensional case with two newsworthy regimes
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Introduction — Classical (biased) Random Walk, a

Xer1 = X¢ + 0p4q

{ P(ory1=1) =p
P(oty1=-1)=1-p

= P(0141 = 0) = 5 [1+ o(2p — ]

Sum of independent, (X; —Xo)=t(2p—1)

t
Xy =Xy + z 0; identically distributed
= — random variables (X,—X)?) = 4tp(1 — p) = o°

Linear on time

From central limit 1 —(xr—xN2 /22
P(x :X—X): e(xt<xt)/a
th fort >» 1: t t 0
eorem, fort > /—27_[0_2
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Elephant Random Walk

Xey1 = X¢ + 041

t

Xt=X0 +20-l

=1

» Probabilities of 0,1 = 0 = +1?
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Elephant Random Walk — Game Rules

> Rule 1: atimet + 1, a number t’ from {1, ..., t}, is chosen with uniform probability 1/¢;

» Rule 2:
O0¢4+1 = O, com probabilidade p

O¢r11 = —0y¢, com probabilidade 1 —p

In other words: 1
P(ot41 = 0loyr) = 5 [1+ 01100 (2p — 1)

> Rule3:att = 0:
1
P(oy, = o) =§[1 +0(2q — 1)]
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Elephant Random Walk — Results

»p = 1/2 : classical unbiased random walk;
»p < 1/2: “dedicated (but not very stringent) reformer”*
»p > 1/2: “is a more traditional type”* » p = 1: Deterministic elephant

For the first and second displacement moment, fort > 1

t

(x,)~ i B - pa (xZ)~ 34y Peral < 3/4
a +
( ) (xZ)~tin(t) parap = 3/4
2y L7 3/4
X sy PP > 3/
a=2p—1
f=2q—1

— *PRE 70, 045101(R)(2004)
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ulti-Dimensional Generalization

» Problem: How to remember an N-dimensional step? [ xt,, =xt+ ol J
» Answer: Coupling N one-dimensional ERW!

Elephant Random Walk — New Game Rules

> Rule 1: attime t + 1, N numbers t’ from {1, ..., t}, are chosen with uniform probability
1/t;

N
: . 1 : . -
» Rule 2: P(O-tl+1 — O_l{o_gk}) — Z E [1 + 0'0-5,( (Zp;l{ _ 1/ Coupling Coefficients
k=1
d

> Rule 3:att = 0: vi=1 0<yl<1

N
. 1 . .
P(of =)= ) >[1+0 24} - Dl
k=1
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Multi-Dimensional Generalization

a,‘; = (Zp],ic - 1)

- AV R k= Q-1
For the first Moments: (xt41) Z (&a >(xt) (x]) = z YiBr
k=1 k=1

For higher order moments the equations are harder. In general, they can be calculated by matrix recurrence equations:

My = H; + G M,

i+1

1
e MﬁZ [] & me
=t

-1 =

k
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Cow-0Ox Model

III

» “Bidimensional” model;
» Different interpretation: Not two different coupled dimensions, but two different coupled
individuals walking on the same line;

» Direction 1 is the Cow;

» Direction 2 is the Ox;

» The Cow does not depend on the ox (it remembers only its own history);
» The Ox depends on the cow (it remembers both histories)

Coupling = <
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Cow-0Ox Model

(xt41)) _ 1(t+aj 0 (x¢
First Moment: (x21)) t\ ya? t+@—-y)aZ)\(x?)

:
et -1}
X§)~ x1) + )2 + yai{x ,ax, a
( t) (a% _ (1 —)/)CZ%)F(C(% + 1)< 1) [F((l y) 2+1) )4 1< 1>f(y 1 2)
Attractive Regime
Case of Interest: 2 1) 2 2 Y 1 o benind the C
a x a a%_ 1—y a% . oxpbenin e Low
a%>(1_y)a% (x?>~ Ya1\Xe _ é (al-(1-p)ad)
(ai —(1—p)az) (ai <0

Repulsive Regime
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Attractive Regime

| ) | 1 | \ | 1 | 1 | 100
450 - ]
400 - e
350 - 200
c | 2504 c i
O i O -
S | 200 - = I
(7)) 4 (7))
o S | 1004
100 - 200 -
50 300
a ]
! 100 -
-50 | Y | . | v | ' | " | | v | . | ¥ | Y | i |
0 200 400 600 800 1000 0 200 400 600 800 1000
Time (steps) Time (steps)




__—_|
Cow-0Ox Model

[ S | [ j j ]
Xiy1 = Xt + 01| X xt]+1 = x,{ +0‘tJJr1

Second Moment: M;,; = H; + G;M,

((x)?) 1 Normal-diffusive regime
M, = | (x;xf) H, = <0> |

() ! when i <o N

a1yl
/ 1+2 1ty1 0 0 \ ( t s
— . a;y; <1/2
g, = | vt alvialy? (aivi+adyd) | aiviady? 0 1-2ayy;
t t2 e . <(x£)2>~< tint, alyl = 1/2
a1v1 “zl’z/ 2aty! o
\ 0 2 1+2 i > 1/2

\ (2aiyi - 1)F(2afvf)\ /

Super-diffusive regime
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Cow-Ox M

Ox Diffusion Dependence on ocf and y ' | J
41 = X T 0y

Second Mome

((x£)*) mal-diffusive regime
Mt = ()CgXE) ' \
(@2)?) /
/ 1+ 2- -
2.,2 -,y < 1/2
ayr @ i

£
I

Super-diffusive regime

2
(04
1

1030x walking 103 steps each one; af = a? = 0.8, a3 = 0 and ﬁij =1.0

From arXiv:1806.04173v1 junl8
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Jumping process — general 2D case

Characteristic function: Qt(l_é) = <ei%"?>

Jumping Probabilities

Inverse Fourier Transform
Qrs1(K) = cos(k?) cos(k?) Qt(fc) /\ 1

20, a? Priq(xt,x?) = Pe(xt —1,x% — 1)f1(a y) txt—1,x2—1)
+ cos(k?) sm(kz)z L . ) )
okt t +P(xt = 1,x% + 1) f, (a] yl,tx —1,x*+1)
+ cos(k?) Sln(kl)z Qt il +P( + 1, x% — 1>f3(“ V] Ll +1,x2 - 1)
dkt t

\ +Pt(x1+1,x2+1)f(a yl,t x!+1,x2+1)

—

1122

2 2
. . 0%Q; ViV
+Sm(k1)sm(k2)zz(3klaltu a

1=1j=1
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onclusions & Perspectives

» Start: One-dimensional random walk — with long-range memory;
» Then: a multi-dimensional model with coupling coefficients;

» Cow-ox Model (particular bidimensional case);
> Two regimes: attractive and repulsive (when ai > (1 — y)a3);
» Numerically calculated the variance;
» Jumping Process;
» Time-inhomogeneous;
» Position-dependent;

» | plan to study position-dependent coupling coefficients;
» | plan to introduce de cow-ox coupling in other types of memory random walks (ERW-like).
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P.s.: no animals were injured during the simulations. Th@mk W@Mg




